The mirror TBA equations proposed by Arutyunov, Suzuki and the author are solved numerically up to 't Hooft's coupling λ ≈ 2340 for several two-particle states dual to N = 4 SYM operators from the sl(2) sector. The data obtained for states with mode numbers n = 1, 2, 3, 4 is used to propose a general charge J dependent formula for the first nonvanishing subleading coefficient in the strong coupling expansion of scaling dimensions. In addition we find that the first critical and subcritical values of the coupling for the J = 4, n = 1 operator are at λ ≈ 133 and λ ≈ 190, respectively. *
Introduction and Summary
The mirror Thermodynamic Bethe Ansatz (TBA) is an efficient tool to analyze energies of the light-cone AdS 5 × S 5 string states, and through the AdS/CFT correspondence [1] , scaling dimensions of dual primary operators in planar N = 4 SYM. The mirror TBA originally proposed to determine the finite-size spectrum of two-dimensional relativistic integrable models [2, 3, 4] reformulates the spectral problem in terms of thermodynamics of a so-called mirror theory [5] related to the original model by a double-Wick rotation. The AdS 5 × S 5 mirror model was studied in detail in [5] where, in particular, the bound state spectrum and the mirror form of the Bethe-Yang (BY) equations of [6] , necessary to formulate the string hypothesis for the AdS 5 ×S 5 mirror model [7] , were determined. This opened a way to derive the ground state TBA equations [8, 9] , and to construct excited state equations for string states with real [10] - [13] and complex momenta [14] . This was done by using the contour deformation trick, a procedure inspired by [3, 4, 15] , and further developed in [11, 16] . The TBA equations were used to analyze various aspects of the finite-size spectrum. It was shown in [17] that at the large 't Hooft coupling λ energies of semi-classical string states found by using the mirror TBA agree with explicit string theory calculations. The scaling dimension of the Konishi operator was determined up to five loops and shown [18, 19, 12] to agree with Lüscher's corrections [20] - [23] and at four loops with explicit field-theoretic computations [24, 25] . The TBA equations for the Konishi operator were also solved numerically for intermediate values of the coupling [26, 27] and the results obtained agree with various string theory considerations [28] - [31] .
In this paper the mirror TBA equations of [11] are solved numerically for several twoparticle states dual to N = 4 SYM operators from the sl(2) sector with various values of the charge J and mode number n. For operators with n ≥ 2 the scaling dimensions are found up to λ ≈ 2340. The same code as in [27] is used here with minor modifications for the J = 4, n = 1 state beyond its (sub)critical value. The mode number n of a primary operator coincides with the string level of the dual string state [32] , and at large values of λ one can expand the energy of the state in an asymptotic series in powers of 1/ where the coefficients c i are in general nontrivial functions of J and n. The coefficient c −1 of the leading term should be in fact equal to 2 as follows from the spectrum of string theory in flat space [33] and asymptotic Bethe ansatz considerations [32] . The constant term c 0 is believed to vanish for two-particle states because it does in the free fermion model [34] describing the su(1|1) sector in the semi-classical approximation and one does not expect getting quantum corrections to c 0 [35] . The subleading coefficients c 2k−1 are supposed to have the following structure [34] c 2k−1 = − − 1 4
where the J 2k term is fixed by the flat space spectrum, and b 2k−1 is a polynomial of degree 2k − 1 (or less) in J with n dependent coefficients. In particular the first nonvanishing subleading coefficient c 1 is of the form c 1 = J 2 /4 + b 1 (J, n) where b 1 may be a linear function of J. The mirror TBA prediction for the Konishi state with J = 2, n = 1 is b 1 (2, 1) = 1 [26] , and it agrees with (incompletely justified) string computations [28] - [31] . In addition in the free fermion model one finds that b 1 is independent of both J and n and equal to 1/2 [34] . The formulae derived in the framework of the free fermion model definitely get quantum corrections but assuming that the J dependence of b 1 remains unchanged one immediately concludes that for any J one should have b 1 (J, 1) = 1. Our data for the J = 3, n = 1 and J = 4, n = 1 states indeed confirms the conclusion. Fitting the data for the J = 4, n = 2 and J = 5, n = 2 states we find that the formula also works fine: b 1 (J, 2) = 1. It is tempting to assume that the same formula might be valid for any (J, n) state. The analysis of the J = 6, n = 3 and J = 7, n = 3 states shows however that for n = 3 the formula is different: b 1 (J, 3) = 0. Thus, the coefficient c 1 has a nontrivial n dependence. Assuming that b 1 (J, n) is independent of J and fitting the data for the J = 8, n = 4 state we find b 1 (J, 4) = −2. All these values of b 1 can be obtained from one simple formula b 1 (J, n) = n(3 − n)/2, and therefore
It is clear that only an analytic derivation of c 1 can determine if this formula is valid for any J and n. Coming back to the series (1), it was argued in [36] that the coefficient c 2 should vanish due to the high degree of supersymmetry of the model, and our data supports this. Recently by using a conjecture from [37] a formula for the coefficient c 3 was proposed in [38] . Our data for n = 1 and n = 2 states agrees with the formula. It would be interesting to see if there is a simple modification of the formula for higher values of n.
Nothing is known about other coefficients in (1) . It is even unclear if the series expansion is in powers of 1/ 4 √ λ as follows from the free fermion model [34] , or up to an overall factor of 4 
√
λ it is in powers of 1/ √ λ, that is c 2k = 0, as was assumed in [26] . If it is in powers of 1/ √ λ then this would imply that quantum corrections to the free fermion model expressions drastically change the structure of the strong coupling expansion. The precision of our computation is insufficient to come to a definite conclusion. Nevertheless using the formula of [38] and our data we find some evidence in favor of vanishing c 4 for the n = 1 states.
It is known [11] that two-particle states from the sl(2) sector are divided into infinitelymany classes which differ by analytic properties of exact Y-functions and therefore by driving terms in the TBA equations. The analytic properties of Y-functions depend on the coupling and at critical values of λ a state moves from one class to another one. At weak coupling all the states we analyzed belong to the simplest Konishi-like class. The states with n ≥ 2 remain in the class up to the largest value of λ the TBA equations were solved. The J = 3, n = 1 and J = 4, n = 1 states however have first critical values at λ ≈ 950 and λ ≈ 133, respectively. The values were obtained by interpolating the data because the iterations stopped to converge for λ's close to the critical values. For the J = 3, n = 1 state we could solve the equations only up to λ ≈ 540 which is pretty far from its critical value. For the J = 4, n = 1 state the equations were solved up to λ ≈ 105, and then in accordance with [11] we changed the TBA equations, jumped beyond the subcritical value to λ ≈ 191 and resumed the iterations. The iterations however stopped to converge at λ ≈ 483, and we do not really understand a reason.
The paper is organized as follows. In the next section we present the analysis of the results of the numerical solution of the TBA equations for the states. In section 3 our data for the states is collected.
2 Fitting the numerical data 2.1 J = 3, n = 1 operator
In the table (45) we present the data for the J = 3, n = 1 state. Since we could solve the TBA equations only up to g = 3.7 to fit the data we should make assumptions about the structure of the strong coupling expansion. Assuming that c −1 = 2 and c 0 = 0 and fitting the data in the interval g ∈ [g 0 , (6) According to the conjecture of [38] the coefficient c 3 for the states with n = 1 is equal to
and therefore for J = 3, c 3 ≈ −2.2468. We see that the number is indeed very close to the one we get from the fit. Fixing the coefficient to this value and adding more terms to the expansion, one gets The outcome of this fitting is very interesting because the coefficient c 4 becomes very small and this implies that up to the overall 4 √ λ the expansion may indeed be in powers of 1/ √ λ. 1 Finally setting c 2k = 0 one gets the following fitting for the J = 3, n = 1 state 
1 One can check by using the data from [27] that a similar phenomenon also happens for the Konishi operator. For example fitting the data in the interval g ∈ [1.8, 5.] with c −1 = c 1 = 2, c 0 = c 2 = 0, c 3 = In Figure 1 we plot the difference between the numerical solution and its large λ asymptotics 2λ 
J = 4, n = 1 operator
In the table (46) According to [38] the coefficient c 3 for the J = 4, n = 1 state should be equal to c 3 = To determine the values of the critical g cr and subcriticalḡ cr points we found the solutions to the equation Y 1|vw (r 2 + i g ) = −1, where r 2 is also a root of Y 2|vw . The results are collected in Table 12 and shown in Figure 3 . The root r 2 is purely imaginary for g ≤ 2.1 and real for g ≥ 2.2. It vanishes at g =ḡ cr Fitting our data in the interval [1.5, 16.3 ] to the function c g−ḡcr g
, we get
The subcritical value obtained from this fitting agrees very well with the data in Table  12 which shows that it should beḡ cr ≈ 2.19. To find the critical value we use the fitting function and solve the equation r 2 (g) = −i/g. This gives g cr ≈ 1.83.
J = 4, n = 2 operator
In the where the expansion parameter Λ = n 2 λ = 4λ is introduced. One sees that c −1 is very close to 2 as expected, and fixing c −1 = 2 one gets We see that the coefficient c 0 becomes small and we set it to 0: c 0 = 0 This fitting shows that c 1 ≈ 5, and assuming that b 1 is independent of J one concludes that for any two-particle n = 2 state we should expect the same formula as for the n = 1 states: c 1 (J, 2) = J 2 /4 + 1. Setting c 1 = 5, one gets The coefficient c 2 is not really small and we cannot reliably conclude that it vanishes. The contribution of the corresponding term is however smaller than the contribution of the next term and we believe that increasing the precision of the computation one would show that c 2 = 0.
Assuming that c 2k = 0 one gets the following fitting 
which also agrees very well with c 1 = 5. The coefficient c 3 for the states with n = 2 is conjectured [38] to be equal to
and for J = 4, c 3 ≈ −29.5994. We see that the number is indeed close to the one we get from the fit. The agreement with the conjectured value of c 3 becomes even more evident if one sets c −1 = 2, c 1 = 5 In Figure 4 we plot the difference between the numerical solution and its large λ asymptotics 2(4λ) 
J = 5, n = 2 operator
In the where Λ = n 2 λ = 4λ is the same expansion parameter as for the J = 4, n = 2 state. One sees that c −1 is very close to 2 as expected, and fixing c −1 = 2 one gets We see that the coefficient c 0 is even smaller than it was for the J = 4, n = 2 state, and setting it to 0 one gets The coefficient c 2 is again smaller than the one for the J = 4, n = 2 case, and moreover the contribution of the corresponding term is much smaller than the contribution of the next one. It is possible that one cannot see that c 2 vanishes because of the exponentially suppressed corrections at large λ. These corrections decrease with J increasing and this would explain why for the J = 5, n = 2 case the coefficients c 0 and c 2 are closer to 0 than the ones for the J = 4, n = 2 state. Next setting c 2k = 0 one gets the following fitting makes the agreement even more impressive. In Figure 5 we plot the difference between the numerical solution and its large λ asymptotics 2(4λ) where the expansion parameter Λ = n 2 λ = 9λ is introduced. One sees that as expected c −1 is close to 2, and fixing c −1 = 2 one gets This fitting shows that c 1 ≈ 9, and assuming that b 1 is independent of J one concludes that for any two-particle n = 3 state we should expect the formula: c 1 (J, 3) = J 2 /4. This is different from the n = 1 and n = 2 cases and therefore c 1 shows a nontrivial dependence of the string level n. Then setting c 1 = 9, one gets Even though the coefficient c 2 is not really small the contribution of the corresponding term is much smaller than the contribution of the next term, and we believe that this supports c 2 = 0. Setting c 2k = 0 one gets the following fitting which agrees very well with c 1 = 9 but it shows that the coefficient c 3 is different from the conjectured value c 3 = − does not help and one has to conclude that the formula conjectured in [38] is correct only for the n = 1 and n = 2 operators. It is not really surprising because [38] used c 1 = 10 while the mirror TBA predicts c 1 = 9.
In Figure 6 we plot the difference between the numerical solution and its large λ asymptotics 2(9λ) 1/4 and 2(9λ)
2.6 J = 7, n = 3 operator Since the contribution of the c 2 term is much smaller than the contribution of the next term the fitting supports c 2 = 0. Setting c 2k = 0 one gets the following fitting (38) In Figure 7 we plot the difference between the numerical solution and its large λ asymptotics 2(9λ) 
J = 8, n = 4 operator
In the Since the coefficient c 0 becomes small we set it to 0: c 0 = 0 In Figure 8 we plot the difference between the numerical solution and its large λ asymptotics 2(16λ) 
